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CONSERVATION LAWS IN MUTUALLY UNBIASED BASES
D. CARIELLO
Abstract. In this work, we provide an upper bound for the number of mutually unbiased k−Schmidt
bases of Cm ⊗ Cn (k < m ≤ n), which is independent of n. In particular, the number of mutually
unbiased product bases of Cm ⊗ Cn cannot exceed m + 1, which solves a conjecture proposed by
McNulty et al. Then we show how to create an entangled PPT state from any state supported on
the anti-symmetric space and how their Schmidt numbers are exactly related. It is surprising that
these two unrelated results follow from the same conservation laws. In addition, we prove that the
Schmidt number of any mixed state of Mk ⊗Mm (k ≤ m) invariant under left partial transpose
with operator Schmidt rank 3 is at most k − 2. Particularly, the state is separable if k = 3. This
result is a new contribution to an ongoing investigation that relates low operator Schmidt rank to
separability.
1. Introduction
There is a tremendous effort on the part of quantum information community to understand and
improve the construction of mutually unbiased bases, as they have been used in state determination,
quantum state tomography and cryptography (see [3, 10, 17, 30, 31]).
Determining the maximum number of such bases in an arbitrary dimension d is one of the open
problems. It is known that this number is bounded above by d+1. In addition, when d is a prime
power, that maximum number is exactly d+ 1 (See [2, 4, 12, 27, 31]).
In [1], the authors proved that the number of “nice” mutually unbiased bases of a d−dimensional
Hilbert space cannot exceed min
p∈π(d)
dp+1, where π(d) is the set of primes dividing d, and dp denotes
the largest power of p that divides d.
In this work, we obtain a similar upper bound for the number of mutually unbiased k−Schmidt
bases of Cm ⊗ Cn. These bases are formed only by vectors whose Schmidt coefficients are equal
to
1√
k
(See [14, 20, 29, 32, 33]). Particularly, they are called maximally entangled bases, when
k = min{m,n}, and product bases, when k = 1.
It was proved in [28] that any family of mn+ 1 mutually unbiased bases of Cm ⊗Cn satisfy the
following conservation law . Let α1, . . . , αmn+1 be this family, where αj = {|Ψj1〉 , . . . ,
∣∣Ψj(mn)〉}.
In addition, let P(ρ) = Tr(ρ2). Then
mn+1∑
j=1
mn∑
i=1
P(TrB(|Ψji〉 〈Ψji|)) = mn(m+ n). (1.1)
Another conservation law was found in [8, Lemma 35] concerning again any set of mn + 1
mutually unbiased bases of Cm ⊗ Cn. It states that
mn+1∑
j=1
Aαj = Id+ |Ψ〉 〈Ψ| , (1.2)
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where Aαj =
mn∑
i=1
|Ψji〉 〈Ψji| ⊗
∣∣Ψji〉 〈Ψji∣∣ and |Ψ〉 as in definition 4.
Using the ideas behind these conservation laws, we show that the number of mutually unbiased
k−Schmidt bases of Cm ⊗ Cn cannot exceed k(m
2 − 1)
m− k for k < m ≤ n (See corollary 8).
Notice that if k = 1 then our upper bound equals m+1. Thus, the number of mutually unbiased
product bases of Cm ⊗Cn cannot exceed m+1. This solves conjecture 1 proposed by McNulty et
al in [21] (See corollary 9).
Our second application of equation 1.2 is to quantify the entanglement of a certain family of
mixed states using their Schmidt numbers.
The Schmidt number of a quantum mixed state is a measure of entanglement (See [25,26]). If its
Schmidt number is 1 then the state is separable. If it is greater than 1 then the state is entangled.
A large Schmidt number is associated to an idea of strong entanglement.
Recent advances in the theory of positive maps have renewed the interest in the Schmidt number
of a quantum mixed state, especially in relation to states with positive partial transpose (PPT
states) (See [34]). Entangled PPT states are considered a weaker form of entanglement. Discovering
the best possible Schmidt number for PPT states has become an important problem (See [11, 19,
23, 34]).
Recently, an example of a PPT state with Schmidt number half of its local dimension has been
found (See [9, Proposition 2]). This state is a mixture of the orthogonal projection on the symmetric
space with a particular pure state. Although it seems delicate, the construction is actually quite
robust. Using the second conservation law (equation 1.2), we extend this construction to many
other mixtures.
Given any state γ supported on the anti-symmetric subspace of Cm⊗Cm, we show that SN(Id+
F + ǫγ) = 1
2
SN(γ) and Id+F + ǫγ is positive under partial transpose for ǫ ∈ ]0, 1
3
]
, where SN(γ)
denotes the Schmidt number of γ and F ∈Mm ⊗Mm is the flip operator (See Theorem 17).
These mixtures have been firstly considered in [24] to construct entangled PPT states. It was
already noticed in [24] that SN(γ) > 2 would create an entangled mixture. Later in [9,22], it was
noticed that SN(Id + F + ǫγ) ≥ 1
2
SN(γ), for any ǫ > 0, and arbitrary state γ supported on the
anti-symmetric space. Our new result shows how the Schmidt numbers of this PPT mixture and
the original γ are exactly related for sufficiently small ǫ.
Our final result does not follow from the conservation laws, but it is also related to the Schmidt
number of bipartite PPT states.
We show that the Schmidt number of any state of Mm ⊗Mn (m ≤ n) invariant under left
partial transpose with operator Schmidt rank 3 is at most m − 2 (See corollary 21). This is a
generalization of [19, Theorem 5]. In particular, the state is separable if m = 3 (See theorem 20).
This result is a new contribution to an ongoing investigation that relates low operator Schmidt
rank (or tensor rank) to separability.
States with operator Schmidt rank 2 are always separable (See [5, Theorem 58] or [13]). In
addition, states of M2 ⊗Mm with operator Schmidt rank 3 are also separable (See [6, Theorem
19]). However, this is not valid in M3 ⊗Mm (m ≥ 3) (See [6, Proposition 25]). The invariance
under left partial transpose is a sufficient condition for the separability of states ofM3⊗Mm with
operator Schmidt rank 3.
Notation: Denote by Mk the set of complex matrices of order k. Identify Mk ⊗Mm ≃ Mkm
and Ck ⊗ Cm ≃ Ckm via Kronecker product. Let Im(δ) denote the image of δ ∈ Mk ⊗ Mm
within Ck ⊗ Cm. Let F ∈ Mk ⊗Mk be the flip operator (i.e., F (|a〉 ⊗ |b〉) = |b〉 ⊗ |a〉 , for every
|a〉 , |b〉 ∈ Ck). Let us call γ ∈ Mk ⊗Mm a bipartite mixed state, if γ is a positive semidefinite
Hermitian matrix with trace 1. Let P(ρ) = Tr(ρ2), where ρ is a square matrix and Tr(·) is its
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trace. Denote the left and the right partial trace of γ ∈ Mm ⊗Mn by TrA(γ) and TrB(γ), re-
spectively. LetMk(m,n) be the maximal number of mutually unbiased k-Schmidt bases of C
m⊗Cn.
2. Mutually unbiased k−Schmidt bases
In this section we provide an upper bound for the number of mutually unbiased k−Schmidt
bases of Cm ⊗ Cn for k < m ≤ n.
Definition 1. Let V : Cm ⊗ Cn →Mm×n be V (
t∑
j=1
|cj〉 ⊗ |dj〉) =
t∑
j=1
|cj〉
〈
dj
∣∣. Define
• the Schmidt coefficients of |w〉 ∈ Cm ⊗ Cn as the singular values of V (|w〉).
• the Schmidt rank of |w〉 ∈ Cm ⊗ Cn (SR(|w〉)) as the rank of V (|w〉).
Definition 2. An orthonormal basis of Cm⊗Cn formed by vectors whose Schmidt coefficients are
equal to 1√
k
is called a k−Schmidt basis.
Definition 3. Two orthonormal bases of a d−dimensional Hilbert space are said to be mutually
unbiased if the absolute value of the inner product of any two vectors (one of each basis) is 1√
d
. A
family of orthonormal bases of a given Hilbert space are said to be mutually unbiased if these bases
are pairwise mutually unbiased.
Definition 4. Let {|e1〉 , . . . , |em〉} and {|f1〉 , . . . |fn〉} be the canonical bases of Cm and Cn, re-
spectively.
(1) Define |Φ〉 =
n∑
j=1
|fj〉 ⊗ |fj〉 ∈ Cn ⊗ Cn
(2) Define |Ψ〉 =
m∑
i=1
n∑
j=1
|ei〉 ⊗ |fj〉 ⊗ |ei〉 ⊗ |fj〉 ∈ Cm ⊗ Cn ⊗ Cm ⊗ Cn
(3) Let TrA,A′(X) ∈ Mn ⊗Mn be the partial trace of X ∈ Mm ⊗Mn ⊗Mm ⊗Mn (We are
tracing out the first and the third sites).
(4) Define the functional f :Mm ⊗Mn ⊗Mm ⊗Mn → C as f(X) = Tr(TrA,A′(X) |Φ〉 〈Φ|).
Note that f is a positive functional, i.e, it sends positive semidefinite Hermitian matrices
to non-negative real numbers.
Lemma 5. Let |ω〉 ∈ Cm ⊗ Cn. Then
(1) f(|ω〉 〈ω| ⊗ |ω〉 〈ω|) = P(TrA(|ω〉 〈ω|)),
(2) f(|Ψ〉 〈Ψ|) = mn2,
(3) f(Idm×m ⊗ Idn×n ⊗ Idm×m ⊗ Idn×n) = m2n.
Proof. (1) First, note that TrA,A′(|ω〉 〈ω| ⊗ |ω〉 〈ω|) = TrA(|ω〉 〈ω|)⊗ (TrA(|ω〉 〈ω|))t.
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Since Tr((A ⊗ B) |Φ〉 〈Φ|) = Tr(ABt) for every square matrices A,B, f(|ω〉 〈ω| ⊗ |ω〉 〈ω|) =
Tr((TrA(|ω〉 〈ω|))2) = P(TrA(|ω〉 〈ω|)).
(2) Since TrA,A′(|Ψ〉 〈Ψ|) = m |Φ〉 〈Φ|, f(|Ψ〉 〈Ψ|) = mn2.
(3) Note that TrA,A′(Idm×m ⊗ Idn×n ⊗ Idm×m ⊗ Idn×n) = m2Idn×n ⊗ Idn×n.
Thus, f(Idm×m ⊗ Idn×n ⊗ Idm×m ⊗ Idn×n) = m2n.

Theorem 6. Suppose α1, α2, . . . , αt are mutually unbiased bases of C
m ⊗ Cn with d = mn. Let
αj = {|Ψj1〉 , . . . , |Ψjd〉} for j = 1, . . . , t. Then
t∑
j=1
d∑
i=1
P(TrA(|Ψji〉 〈Ψji|)) ≤ (m2 + t− 1)n.
Proof. Consider the orthogonal projections Aα1 , . . . Aαt ∈Mm ⊗Mn ⊗Mm ⊗Mn defined by
Aαj =
d∑
i=1
|Ψji〉 〈Ψji| ⊗
∣∣Ψji〉 〈Ψji∣∣ .
By [8, Lemma 34], AαjAαk = AαkAαj =
1
d
|Ψ〉 〈Ψ|, for every j, k ∈ {1, . . . , t} and j 6= k.
Therefore, there is a common basis of orthonormal eigenvectors of Aα1 , . . . , Aαt . In addition,
the intersection of their images is generated only by |Ψ〉.Thus,
Aαj =
1
d
|Ψ〉 〈Ψ|+
j(d−1)∑
l=(j−1)(d−1)+1
|rl〉 〈rl| ,
where |r1〉 , . . . , |rd2−1〉 , |Ψ〉√
d
is a common orthonormal basis of eigenvectors (Hence t(d−1)+1 ≤ d2
and t ≤ d+ 1).
Since t ≤ d+ 1, the matrix
B = Idm×m ⊗ Idn×n ⊗ Idm×m ⊗ Idn×n + t− 1
mn
|Ψ〉 〈Ψ| −
t∑
j=1
Aαj (2.1)
is positive semidefinite.
By lemma 5, equation (2.1) and the positivity of B, we have
f(B) = m2n + (t− 1)n−
t∑
j=1
d∑
i=1
P(TrA(|Ψji〉 〈Ψji|)) ≥ 0.
Finally,
t∑
j=1
d∑
i=1
P(TrA(|Ψji〉 〈Ψji|)) ≤ (m2 + t− 1)n. 
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Remark 7. Using the notation of the proof of Theorem 6, we can describe the conservation law
obtained in [8, Lemma 35] as B = Idm×m ⊗ Idn×n ⊗ Idm×m ⊗ Idn×n + |Ψ〉 〈Ψ| −
mn+1∑
j=1
Aαj = 0.
Thus,
0 = f(B) = mn(m+ n)−
mn+1∑
j=1
mn∑
i=1
P(TrA(|Ψji〉 〈Ψji|)).
Therefore, we recover the conservation law obtained in [28] (See equation 1.1).
Corollary 8. Let k < m ≤ n. Then Mk(m,n) ≤ k
(
m2 − 1
m− k
)
. In particular, M1(m,n) ≤ m+ 1.
Proof. Suppose α1, α2, . . . , αt are mutually unbiased k−Schmidt bases of Cm ⊗ Cn.
Let αj = {|Ψj1〉 , . . . ,
∣∣Ψj(mn)〉} for j = 1, . . . , t.
Since the Schmidt coefficients of |Ψji〉 are equal to 1√
k
, P(TrA(|Ψji〉 〈Ψji|)) = 1
k
for every j, i.
By Theorem 6, t
mn
k
=
t∑
j=1
mn∑
i=1
P(TrA(|Ψji〉 〈Ψji|)) ≤ (m2+t−1)n. Hence, t ≤ k
(
m2 − 1
m− k
)
. 
The next corollary solves conjecture 1 in [21].
Corollary 9. The maximum number of mutually unbiased product bases of Cd1 ⊗ . . .⊗Cdn is less
or equal to min
j
dj + 1. Note that if d1, . . . , dn are powers of distinct primes then this maximum
number is exactly min
j
dj + 1.
Proof. Assume without loss of generality that d1 + 1 = min
j
dj + 1. Since a product vector in
Cd1 ⊗ . . . ⊗ Cdn is also a product vector in Cd1 ⊗ Cd2...dn , the maximum number of mutually
unbiased product bases of Cd1 ⊗ . . . ⊗ Cdn is less or equal to M1(d1, d2 . . . dn). By corollary 8,
M1(d1, d2 . . . dn) ≤ d1 + 1. 
3. PPT entangled Mixtures
Now, we show that Id + F + ǫγ is PPT and SN(Id + F + ǫγ) = SN(γ)
2
, for ǫ ∈ ]0, 1
3
]
, where
γ ∈ Mk ⊗Mk is any state supported on the anti-symmetric space (See Theorem 17). Note the
use of the second conservation law in Lemmas 14 and 15.
Definition 10. Given a positive semidefinite Hermitian matrix δ =
n∑
i=1
Ai ⊗ Bi ∈ Mk ⊗Mm,
define its Schmidt number as
SN(δ) = min
{
max
j
{SR(|wj〉)} , δ =
m∑
j=1
|wj〉 〈wj |
}
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(This minimum is taken over all decompositions of δ as
m∑
j=1
|wj〉 〈wj|, where |wj〉 ∈ Ck ⊗Cm for
all j). Recall that δ is separable if SN(δ) = 1 and entangled if SN(δ) > 1 .
Definition 11. Define the right partial transpose of δ =
n∑
i=1
Ai ⊗ Bi ∈ Mk ⊗ Mm as δΓ =
n∑
i=1
Ai ⊗ Bti (The left partial transpose is defined analogously). Moreover, let us say that δ is
positive under partial transpose or simply PPT if δ and δΓ are positive semidefinite Hermitian
matrices.
Remark 12. Recall that F Γ = |Φ〉 〈Φ| and |Φ〉 〈Φ|Γ = F , where F ∈Mn⊗Mn is the flip operator
and |Φ〉 as in definition 4. Note that 1
2
(Id + F ) ∈ Mn ⊗Mn is the orthogonal projection on the
symmetric subspace of Cn ⊗ Cn.
Definition 13. Let α = {|a1〉 , . . . , |an〉} be an orthonormal basis of Cn. Define the separable
matrix Aα =
n∑
i=1
|ai〉 〈ai| ⊗ |ai〉 〈ai| ∈ Mn ⊗Mn.
Lemma 14. Let |a〉 ∈ Ck be a unit vector. Then Id+F−ǫ |a〉 〈a|⊗|a〉 〈a| ∈ Mk⊗Mk is separable
for ǫ ≤ 1.
Proof. Let n be a prime number greater than k and α1, . . . , αn+1 be n + 1 mutually unbiased
bases of Cn (See [17]). We can assume without loss of generality that α1 = {|a1〉 , . . . , |an〉} and
|a1〉 =
( |a〉
0
)
∈ Ck × Cn−k.
In addition, let F ′ ∈Mn⊗Mn, F ∈Mk⊗Mk be the flip operators and Id′ ∈Mn⊗Mn, Id ∈
Mk ⊗Mk be the identity matrices.
Consider Aα1 , . . . , Aαn+1 as in definition 13. In particular, Aα1 =
n∑
i=1
|ai〉 〈ai| ⊗ |ai〉 〈ai| ∈
Mn ⊗Mn.
By the second conservation law ([8, lemma 35]),
Aα1 + . . .+ Aαp+1 = Id
′ + |Φ〉 〈Φ| ,
|Φ〉 ∈ Cn ⊗ Cn as in definition 4.
Thus, Id′+ |Φ〉 〈Φ|− ǫ |a1〉 〈a1|⊗ |a1〉 〈a1| = (1− ǫ) |a1〉 〈a1|⊗ |a1〉 〈a1|+
∑n
i=2 |ai〉 〈ai|⊗ |ai〉 〈ai|+
+Aα2 + . . .+ Aαn+1 is separable for ǫ ≤ 1.
Therefore, its right partial transpose, Id′ + F ′ − ǫ |a1〉 〈a1| ⊗ |a1〉 〈a1|, is also separable.
Finally, note that
(U ⊗ U)(Id′ + F ′ − ǫ |a1〉 〈a1| ⊗ |a1〉 〈a1|)(U∗ ⊗ U∗) =
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= Id+ F − ǫ |a〉 〈a| ⊗ |a〉 〈a| ∈ Mk ⊗Mk,
where Uk×p = (Idk×k 0k×n−k).
So Id+F − ǫ |a〉 〈a| ⊗ |a〉 〈a| is separable too for ǫ ≤ 1. 
Lemma 15. Let |a1〉 , |a2〉 be orthonormal vectors of Ck. Then Id + F − ǫ |s〉 〈s| ∈ Mk ⊗Mk is
separable for ǫ ∈ [0, 1
6
]
, where |s〉 = |a1〉 ⊗ |a2〉+ |a2〉 ⊗ |a1〉.
Proof. Let {|e1〉 , |e2〉}, {|v1〉 , |v2〉} and {|w1〉 , |w2〉} be 3 mutually unbiased bases of C2, where
{|e1〉 , |e2〉} is the canonical basis (See [17]).
In addition, let F ′ ∈M2⊗M2, F ∈Mk ⊗Mk be the flip operators and Id′ ∈ M2⊗M2, Id ∈
Mk ⊗Mk be the identity matrices.
By the second conservation law ([8, lemma 35]),
Id′ + |u〉 〈u| =
2∑
i=1
|ei〉 〈ei| ⊗ |ei〉 〈ei|+
2∑
i=1
|vi〉 〈vi| ⊗ |vi〉 〈vi|+
2∑
i=1
|wi〉 〈wi| ⊗ |wi〉 〈wi| ,
where |u〉 =
2∑
i=1
|ei〉 ⊗ |ei〉 .
Thus, Id′ + F ′ = (Id′ + |u〉 〈u|)Γ =
=
2∑
i=1
|ei〉 〈ei| ⊗ |ei〉 〈ei|+
2∑
i=1
|vi〉 〈vi| ⊗ |vi〉 〈vi|+
2∑
i=1
|wi〉 〈wi| ⊗ |wi〉 〈wi| .
Moreover,
Id′ + F ′ =
2∑
i=1
2 |ei〉 〈ei| ⊗ |ei〉 〈ei|+ |v〉 〈v|,
where |v〉 = |e1〉 ⊗ |e2〉+ |e2〉 ⊗ |e1〉.
Next, define Uk×2 such that U |e1〉 = |a1〉 and U |e2〉 = |a2〉.
Note that (U ⊗ U)(Id′ + F ′)(U∗ ⊗ U∗) =
= 2 |a1〉 〈a1| ⊗ |a1〉 〈a1|+ 2 |a2〉 〈a2| ⊗ |a2〉 〈a2|+ |s〉 〈s| =
6∑
i=1
|bi〉 〈bi| ⊗ |bi〉 〈bi| ,
where |b1〉 = |a1〉 , |b2〉 = |a2〉 , |b3〉 = U |v1〉 , |b4〉 = U |v2〉 , |b5〉 = U |w1〉 , |b6〉 = U |w2〉.
Notice that |b1〉 , . . . , |b6〉 are unit vectors, since U is semi-unitary.
Thus,
Id+F−ǫ(2 |a1〉 〈a1|⊗|a1〉 〈a1|+2 |a2〉 〈a2|⊗|a2〉 〈a2|+|s〉 〈s|) =
6∑
i=1
1
6
(Id+F−6ǫ |bi〉 〈bi|⊗|bi〉 〈bi|),
which is separable, for ǫ ∈ [0, 1
6
]
, by lemma 14.
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Finally, Id+ F − ǫ |s〉 〈s| = 2ǫ(|a1〉 〈a1| ⊗ |a1〉 〈a1|+ |a2〉 〈a2| ⊗ |a2〉 〈a2|)+
+Id+ F − ǫ(2 |a1〉 〈a1| ⊗ |a1〉 〈a1|+ 2 |a2〉 〈a2| ⊗ |a2〉 〈a2|+ |s〉 〈s|),
which is separable for ǫ ∈ [0, 1
6
]
. 
Lemma 16. Let |v〉 be a unit anti-symmetric vector of Ck ⊗ Ck. Then SN(Id + F + ǫ |v〉 〈v|) =
SR(|v〉)
2
for ǫ ∈ ]0, 1
3
]
.
Proof : By [15, Corollary 4.4.19.], there are orthonormal vectors |v1〉 , . . . , |vn〉 , |w1〉 , . . . , |wn〉 of
Ck and positive numbers λ1, . . . , λn such that |v〉 =
n∑
i=1
λi(|vi〉⊗|wi〉−|wi〉⊗|vi〉) and 2(
n∑
i=1
λ2i ) = 1.
Define |mi〉 = λi(|vi〉 ⊗ |wi〉+ |wi〉 ⊗ |vi〉) for i = 1, . . . , n.
Note that Id+ F + ǫ |v〉 〈v| = Id+ F − ǫ |m1〉 〈m1| − . . .− ǫ |mn〉 〈mn|+
+
∑
±
ǫ
2n
(|mn〉 ± . . .± |m1〉 ± |v〉)(〈mn| ± . . .± 〈m1| ± 〈v|).
Hence, Id+ F + ǫ |v〉 〈v| =
n∑
i=1
2λ2i
(
Id+ F − ǫ
2
|mi〉 〈mi|
λ2i
)
+
∑
±
ǫ
2n
(|mn〉 ± . . .± |m1〉 ± |v〉)(〈mn| ± . . .± 〈m1| ± 〈v|).
Note that SN
(
Id+ F − ǫ
2
|mi〉 〈mi|
λ2i
)
= 1, for
ǫ
2
∈ ]0, 1
6
]
, by lemma 15.
In addition, SR(|mn〉 ± . . .± |m1〉 ± |v〉) = n = SR(|v〉)
2
.
Therefore, SN(Id+ F + ǫ |v〉 〈v|) ≤ SR(|v〉)
2
for ǫ ∈ ]0, 1
3
]
.
Finally, SN(Id+ F + ǫ |v〉 〈v|) ≥ SR(|v〉)
2
, by [9, Proposition 1]. 
Theorem 17. Let γ be a state supported on the antisymmetric subspace of Cn ⊗ Cn. Then Id +
F + ǫγ ∈Mn ⊗Mn is PPT and SN(Id+ F + ǫγ) = SN(γ)2 for ǫ ∈
]
0, 1
3
]
.
Proof. By remark 12, (Id+ F + ǫγ)Γ = Id+ |Φ〉 〈Φ| + ǫγΓ.
Since ‖γΓ‖2∞ ≤ tr(γΓγΓ) = tr(γ2) ≤ ‖γ‖∞tr(γ) ≤ 1, the matrix Id + |Φ〉 〈Φ| + ǫγΓ is positive
semidefinite for ǫ ≤ 1.
Now, by [9, Proposition 1], SN(Id+ F + ǫγ) ≥ SN(γ)
2
for every positive ǫ.
Next, let γ =
l∑
i=1
βi |vi〉 〈vi|, where
∑l
i=1 βi = 1, βi > 0 and |vi〉 is a unit anti-symmetric vector
of Cn ⊗ Cn such that SR(|vi〉) ≤ SN(γ), for every i.
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Note that SN(Id+ F + ǫ |vi〉 〈vi|) ≤ SN(γ)
2
, for ǫ ∈ ]0, 1
3
]
, by lemma 16.
Finally, since Id+ F + ǫγ =
l∑
i=1
βi(Id+ F + ǫ |vi〉 〈vi|),
SN(Id+ F + ǫγ) ≤ SN(γ)
2
for ǫ ∈ ]0, 1
3
]
.

4. Low operator Schmidt rank implies separability
States of M3 ⊗Mm with operator Schmidt rank 3 are in general not separable (See [6, Propo-
sition 25]). Here we prove that invariance under left partial transpose is a sufficient condition for
separability of such states. This is a new result relating low operator Schmidt rank to separability
(See [5, Theorem 58] and [6, Theorem 19]).
As a corollary we show that the Schmidt number of any state of Mk ⊗Mm (k ≤ m) invariant
under left partial transpose with operator Schmidt rank 3 cannot be greater than k − 2. This
result generalizes [19, Theorem 5]. Let us recall the definition of operator Schmidt rank.
Definition 18. Let δ ∈ Mk ⊗Mm. The operator Schmidt rank (or tensor rank) of δ is 1, if
δ = A1 ⊗A2 6= 0. The operator Schmidt rank of an arbitrary γ ∈Mk ⊗Mm \ {0} is the minimal
number of tensors with operator Schmidt rank 1 that can be added to form γ.
The next lemma is well known (e.g., [7, Lemma 3.42] ).
Lemma 19. Any state A ∈ Mk ⊗ Mm with operator Schmidt rank n can be written as A =∑n
i=1 γi ⊗ δi, where γi ∈ Mk, δi ∈ Mm are Hermitian matrices such that Im(γi) ⊂ Im(γ1) and
Im(δi) ⊂ Im(δ1), for every i, and γ1, δ1 are positive semidefinite.
Theorem 20. Let A ∈M3 ⊗Mk be a state which is invariant under left partial transpose. If its
operator Schmidt rank is less or equal to 3 then A is separable.
Proof. We can assume that the operator Schmidt rank of A is 3, since every state with operator
Schmidt rank less than 3 is separable by [5, Theorem 58].
First, let us assume that A is positive definite. Let A =
∑3
i=1 γi ⊗ δi be the decomposition
described in lemma 19.
Note that γ1, γ2, γ3 are real symmetric matrices, since A is invariant under left partial transpose.
Moreover, γ1 ∈ M3 must be positive definite, otherwise A would not be positive definite (since
Im(γi) ⊂ Im(γ1) for every i).
Let γ1 = R
2, where R ∈M3 is real, symmetric and invertible. Let B = (R−1⊗Id)A(R−1⊗Id) =
= Id3×3 ⊗ δ1 +R−1γ2R−1 ⊗ δ2 +R−1γ3R−1 ⊗ δ3.
Since R−1γ2R−1 is real symmetric, there is an orthogonal matrixO ∈M3 such thatOR−1γ2R−1Ot =
D, where D ∈M3 is a real diagonal matrix.
Let C = (O⊗ Id)B(Ot⊗ Id) = Id3×3⊗ δ1+D⊗ δ2+M ⊗ δ3, where M ∈M3 is real symmetric.
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Note that C is positive definite and has the following format:
C =

 F1 m21δ3 m31δ3m21δ3 F2 m32δ3
m31δ3 m32δ3 F3

 ,
where mij is the ij entry of the real symmetric matrixM and δ3, F1, F2, F3 are Hermitian matrices.
Since C is positive definite, F1 ∈Mk is also positive definite.
Assume that m21, m31 6= 0 (If one or both are equal to 0 then the proof is simpler). Note that



 1 0 00 1 0
0 m31 −m21

⊗ Idk×k

C



 1 0 00 1 m31
0 0 −m21

⊗ Idk×k

 =

 F1 m21δ3 0m21δ3 H2 H3
0 H3 H4

 .
Next, let F1 = UU
∗ for an invertible U . Thus,
(Id3×3 ⊗ U−1)

 F1 δ3 0δ3 H2 H3
0 H3 H4

 (Id3×3 ⊗ U−1)∗ =

 Idk L 0L O2 O3
0 O3 O4

 .
Note that L is Hermitian, since L = U−1δ3(U−1)∗.
Now, 
 Idk×k L 0L O2 O3
0 O3 O4

 =

 0 0 00 O2 − L2 O3
0 O3 O4

+

 Idk×k L 0L L2 0
0 0 0

 (4.1)
The second summand above is a well known separable matrix, since L is Hermitian (See [18, The-
orem 1] and [16, Lemma 3]).
In addition, the first summand can be embedded in M2 ⊗ Mk. Since there are only three
sub-blocks forming this matrix (O2−L2, O3 and O4), its operator Schmidt rank is less or equal to
3. Moreover, it is positive semidefinite, since
 0 0 0−L Id 0
0 0 Id



 Id L 0L O2 O3
0 O3 O4



 0 −L 00 Id 0
0 0 Id

 =

 0 0 00 O2 − L2 O3
0 O3 O4

 .
Therefore, the first summand of equation 4.1 is also separable by [6, Theorem 19]. Hence, the
sum is separable. Since all the local operations used are reversible and preserve separability, A is
separable.
Now, for the positive semidefinite case. Given ǫ > 0, define A(ǫ) = (γ1 + ǫId) ⊗ (δ1 + ǫId) +
γ2 ⊗ δ2 + γ3 ⊗ δ3.
Note that A(ǫ) has operator Schmidt rank less or equal to 3, is invariant under left partial
transpose (ǫId+ γ1, γ2, γ3 are symmetric) and is positive definite (A(ǫ) = A+ ǫId⊗ δ1+ γ1⊗ ǫId+
ǫ2Id⊗ Id). By the first case, A(ǫ) is separable and so is lim
ǫ→0+
A(ǫ) = A. 
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Corollary 21. Let A ∈Mk ⊗Mm (k ≤ m) be a positive semidefinite Hermitian matrix which is
invariant under left partial transpose. If its operator Schmidt rank is equal to 3 then SN(A) ≤ k−2.
Proof. Let us show that SN(A) cannot be k − 1, since SN(A) < k was already proved in [19,
Theorem 5].
If SN(A) = k − 1 then A contains an entangled sub-block, B ∈ M3 ⊗Mm, which is invariant
under left partial transpose (See [19, Theorem 4] and [19, Theorem 5] for details).
By the construction of B, its operator Schmidt rank is less or equal to the operator Schmidt
rank of A, which is 3. Therefore, B is separable by theorem 20. Absurd! 
Summary and Conclusion
Here we obtained an upper bound for the number of mutually unbiased k−Schmidt bases of
Cm ⊗ Cn (k < m ≤ n). It provided such a useful information that even solved a conjecture on
mutually unbiased product bases in a straightforward way. The common interval for the values
of ǫ such that the Schmidt number of Id + F + ǫγ equals half of the Schmidt number of γ (for
all states γ supported on the anti-symmetric subspace) provided a flexible method to create PPT
states with high Schmidt numbers. It is quite surprising that these two unrelated results follow
from ideas behind two conservation laws regarding mutually unbiased bases.
In addition, we proved that invariance under left partial transpose is a sufficient condition for
the separability of operator Schmidt rank 3 states of M3 ⊗Mm. As a corollary we proved that
the Schmidt number of operator Schmidt rank 3 states of Mk ⊗Mm (k ≤ m) that are invariant
under left partial transpose cannot exceed k − 2.
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